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Abstract 

The aim of the paper is to study some dynamic aspects coming from 
a Pfaff form, i.e. a time dependent differential form on a tangent bun- 
dle. The action on curves of a Pfaff form is natural associated with that 
of a second order Lagrangian linear in accelerations, while the converse 
association is not unique. An equivalence relation of Pfaff form, compat- 
ible with gauge equivalent Lagrangians, is considered. We express the 
Euler-Lagrange equation of the Lagrangian as a second order Lagrange 
derivative of a Pfaff form, considering controlled and higher order Pfaff 
forms. Hamiltonian forms of the dynamics generated are given, extending 
some quantization formulas given by Lukierski, Stichel and Zakrzewski. 
Using semi-sprays, local solutions of the E-L equations are given in some 
special particular cases. 
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1 Introduction 

The second order Lagrangians are considered, for example, in [51 [3], [TS], [20] 
etc. The second order Lagrangians that are affine in acceleration are involved 
in some special problems and studied for example in [T], [3], [3], [5], [B], [5], 
[H], [S], [S] etc. These Lagrangians, are the most singular possible - their 
vertical hessian vanishes and according to [H Sect. 6.3], some special regularity 
conditions can be considered. Third order Lagrangians that are afiine in the 
third order derivatives, possessing an acceleration-extended Galilean symmetry, 
are studied in [TO] ; they extend the second order case considered previously by 
the authors and considered in a general form in this paper. It can be a model 
for a future development of constructions in the present paper. 

In this paper we study Pfaff forms, i.e. differentiable one forms uj on MxTM, 
where M is a manifold. Some basic aspects and motivating examples can be 
found in our previous paper |18j . We consider an action of a Pfaff form to 
on differentiable curves on M, in fact the same as the action of a second order 
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Lagrangian affine in accelerations that corresponds canonically to cj (Proposition 
12. ip . Conversely, the action of a second order Lagrangian afBne in accelerations 
can correspond to at least one Pfaff form (Proposition I2.2[) . We consider a 
certain equivalence relation on Pfaff forms such that a such equivalence class 
corresponds to gauge equivalent Lagrangians that give the actions (Proposition 

EH). 

Considering controlled Pfaff forms fProDOsition l3.2[) . higher order Pfaff forms, 
top Pfaff forms and Lagrange derivatives of Pfaff forms, then the Euler Lagrange 
equation of a Pfaff form can be obtained by (two) successive Lagrange deriva- 
tives of Pfaff forms (Proposition 14.11) , considering an Ostrogradski Pfaff form, 
closed related to Ostrogradski momenta. The Euler-Lagrange equation contains 
the second derivatives and we prove that in the case of a regular Lagrangian, 
the solutions are integral curves of a global second order differential equation 
(Proposition I4.2p . 

Considering a Legendre map and defining non-degenerated, hyper-non-dege- 
nerated and biregular Lagrangians, we study the dynamics given by Lagrangians 
linear in accelerations, defined using Pfaff forms. We prove that for a regular 
Pfaff form, the dynamics on M (i.e. the solutions of E-L equations) comes from 
the projection of the integral curves of a vector field X on T'^*M — T*Mx mTM 
(Proposition 15. ip . while for a biregular Pfaff form, the dynamics on M comes 
from the projection of the integral curves of a vector field Y" on TjM = TM Xm 
TM (Proposition [52]). 

Important tools in describing the dynamic equations of a Hamiltonian sys- 
tem are offered by quantizations. Following similar ideas used in [9l Section 
2.], where Ostrogradski-Dirac and Fadeev-Jakiw methods are used, we use here 
a modified Ostrogradski-Dirac method, offered by the possibility to construct 
constraints slight different from the canonical ones used in Ostrogradski theory. 
The Ostrogradski-Dirac method was also used in j3] in the quantization of the 
system derived from a Lagrangian linear in velocities, involved in the study of 
a Reegge-Teitelboim model. Since in the cases considered in our paper it is not 
necessary to express the constraints technics explicitly, we use an symplectic 
formalism instead, giving here a global form of the quoted methods. In Subsec- 
tion 15.21 we present a Hamiltonian description of the dynamics defined by the 
vector fields X and Y described above, proving that: 

- if w is regular and its essential part is time independent, then there are 
symplectic forms on T'^*M, t € R, and a hamiltonian H : R x T^*M -> R 
such that the Hamiltonian vector field Xh is X (Theorem 15. 1^ : 

- if w is biregular and its essential part is time independent, then there are 
symplectic forms SJ' on T^M, t e R, and a hamiltonian H' : R x T^M R 
such that the Hamiltonian vector field Xfji is Y (Theorem 15. 2p . 

Some examples and special cases are given in Subsection [51 In the case when 
dimil/ = 1, we prove in Proposition 16.21 that the generalized Euler-Lagrange 
equation of a regular and basic Pfaff form admits locally standard Lagrangian 
descriptions (in the sense of |2] Section 2.]). In order to describe the dynamics 
generated by some classes of Pfaff forms, we use first order semi-sprays. Follow- 
ing some concrete examples, we consider some special cases (Propositions [6731 to 
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16. 7p when families of local semi-sprays of first order are considered, such that 
their integral curves project on (sometimes all) integral curves of the generalized 
Euler-Lagrange equation associated with the Lagrangian of the Pfaff form. 

Using local calculus, certain geometrical objects on higher order tangent 
bundles and on general fibered manifolds are described in an Appendix. 

2 PfafF forms, Lagrangians and actions on curves 

A Pfajf form is a differentiable form uj e X*{]R x TM). The global generator 
dt e X*{]R) gives the global pull-back form pldt e X*{]Rx TM), denoted also 
by dt, where we denote by pi : M x TM M and p2 : M x TM TM 
the natural projections. The local generators {da;*, dy*} of local forms on TM, 
on a domain of local coordinates TU = U x J?™, give the local generators 
p^dx' e X*{lRx TU) and p^dy' € X*{Rx TU), denoted also by dx^ and dy' 
respectively. We obtain the local F[M. x TM)-module bases {dt, dx^, dy^} of 
Pfaff forms. Using these local bases, a Pfaff form oj has the local form 

Lo = uJo{t,x\y')dt + iujiit,x^ ,y^)dx' + Ld,{t,x^ ,y^)dy'-) = uq + oj' , (1) 

where 

ut' = oji{t, x^ , y^)dx'^ + uji{t, x^ , y^)dy'^ is a new (global) Pfaff form that wc call 
the essential component of uj; 

LOo ■ M X TM — >■ JR is a (global) Lagrangian that we call the Lagrangian 
component of w. 

We say that the Pfaff form a; = cjq + is pure if ujo = 0, Lagrangian if 
uj' — and mixed if w is neither pure, nor Lagrangian. 

It is easy to see that a first order Lagrangian L : TM M is the same as 
the Lagrangian Pfaff form ujq = Ldt. 

Let r] : M X TM n*T*M, having local the form rj = rii[t,x^ ,y^)dx^ and 
coming from a section of the induced vector bundle IR x P2T*M M x TM. 
It can be regarded as well as a Pfaff form, and is called a top Pfaff form. A 
Pfaff form lu having the form ^ defines a top Pfaff form oj — 0Ji{t,x^ ,y^)dx^ 
(see Appendix). According to a definition given below, the top Pfaff form Cj is 
degenerated when it is regarded as a Pfaff form. 

A Pfaff form can be related to a second order dynamic form considered 
in [5]. According to [5J Section 2], a first order dynamic form on the bundle 
y = JRxM— >-Misa one contact and horizontal two form v on J^(Y), having 
the local form v — h'i{t, x^ ,y^)dx^ A dt + Vi{t, x^ , y^)dy^ A dt. Obviously a first 
order dynamic form is equivalent to give a pure Pfaff form. An advantage to 
use Pfaff forms is having the Lagrangian forms in the same setting. An other 
motivation to use Pfaff forms is given by their action on curves, that relates 
them to the second order Lagrangians that are affine in accelerations, i.e. the 
vertical Hessian vanishes. 
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If 7 : [a, 6] — ?> M is a curve on M , then for every t S [a, 6] one can consider 
in 7(i) = (t, G JR X TM the scalar w;^(t) (^(t)) . The aciion of the Pfaff 

form uj on 7 is given by the formula 



Ui) = I ( ) dt- (2) 



Let us relate the action of Pfaff forms on curves to the actions of Lagrangians 
on curves. First, we define the action of a first order Lagrangian L^^^ : IR x 
TM — > J? on a curve 7 : [a, b] — > M, by the formula: 



If 7 : [a, b] — > M is a curve on M, then the curves ^ : [a, 6] TM (the 

velocity curve) and 1^ : [a, &] ^ T^M C TTM (the acceleration curve) are 
called here the /irsi order lift and the second order lift respectively, of the curve 
7. A second order Lagrangian on M is a differentiable map L^^-* : M x T'^M — > 
iR, where T^M is the second order tangent space of M (see Appendix). Then 
L^^^ defines also an action on 7 by formula: 

A second order Lagrangian L is affine in accelerations if its vertical Hessian 
vanishes. Using local coordinates, L{t,x^,y^,z^) = fo{t,x^,y^) + z^gi{t,x'^ ,y^). 
Notice that if gi = 0, then L = /o is a first order Lagrangian. In this case /o is 
obtained projecting L : T^M — > K on /o : TM — )■ M, by the natural projection 
T^M — >■ TM. Considering the degeneration of this situation is refined below in 
the paper. 

It is easy to see that the Lagrangian action I^^ of a Lagrangian Lq is the same 
as the Pfaff action I^^^ of the Lagrangian Pfaff form ujq = L^dt G X*{]R x TM). 
It worth to remark that is a closed form only if Lq — Lf){t). Let us remark 
also that the formula ([2|) is free of coordinates and gives an easy tool to obtain 
an action involving accelerations, velocities, position and time. More precisely, 
the accelerations are involved afhnely, as follows. 

Proposition 2.1 Lf ut E X*{]R x TM) is a Pfaff form, then there is a second 
order Lagrangian L^"^^ : T'^M — > IR, affine in accelerations, such that I^ — II- 

Proof. Using local coordinates: t E IR, (x*) on M and (a:*,?/*) on TM, then 
u! has the local form w — uodt + ujidx^ + ujidy^ , where the local functions wq, 
[uji) and [uii) locally depend on {t,x^,y^). If the curve 7 has the local form 
t (x*(t)), then the action ([2]) has the local form 

luil) = j i^^o+^i'^ +^^i^^)dt. (3) 
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Using coordinates {x^,y^,z'^) on T'^M, we define the Lagrangian 

(4) 

It is easy to see that the action of L^j on a curve 7 is given aiso by formuia ([3]), 
thus the conclusion follows. □ 

The following result shows that the action of every second order Lagrangian, 
affine in accelerations, can be represented as well as an action of a suitable Pfaff 
form. 

Proposition 2.2 Let L*^^) : MxT^AI M be a second order Lagrangian affine 
in accelerations. Then there is a Pfaff form uj Cz X* {M x TM) such that L^^ = /l • 

Proof. Let us consider a local chart {U, ip) on M; we define a locally 
Pfaff form Ou = ^dy\ thus (^)^ = and (6'c/), = (6'c/)o = for this 
Pfaff form. Let {/ajagiv be a partition of unity subordinated to an open 
cover {Ua}a&iN of domains of coordinates, that is locally finite. Then the 
Pfaff form 9 = E ' ^'c/„ is a Pfaff form 9 € X*{]R x TM) that has 

the top component 9i — {9u)i = ffr and 9 — Oidy^ + Oidx^. Since L^^^ 
has the local form ^(^^(f, x% y*, 2:') = 9i(t,x^ ,y^)z^ + u{t,x^ ,y^), one has also 
L^^\t,x\y\z') = Ui.x\y'V + 0,{t,x\f )y' + {u{t,x\y')~9,y'). The local 
functions £o(^j 2;% j/*) = u{t, x^, y') — 9iy^ give a global function Lq : Mx TM — )■ 
M. Thus the Pfaff form oj — 9 + L^dt has the property that L^ — L^. □ 

The actions of Pfaff forms on curves are related to the well-known actions 
of the first and the second order Lagrangians on curves. Let us consider two 
points X, y G M and 70 = {xQ{t)) be a curve joining x and y, i.e. Xq(0) — x and 
Xq{1) = y. Let us consider variations of 70, as curves joining x and y, having 
the local form 7^ — (x* (t)), where xl{t) — XQ{t) + eh^[t). 

In the case of the actions of second order Lagrangians on curves, the specific 
variational conditions, impose: 



h\a) = h\b) = 0, (5) 
dh\ , dh\,^ 

For a second order Lagrangian L^^^ : M x T^AL — > M, the extrema curves of 
the action /^(2) are given by the well-known Euler-Lagrange equations 

5L(2) d d^ dL<^^1 



dx^ dt dy'^ dt^ dz^ 



0. (7) 



In the particular case of a Lagrangian ([4]), the Euler-Lagrange equations have 
the form 

dujQ dujj dxQ dujj d^XQ d dojQ dujj dx^ dujj d^x^ d^ _ 

'd^ ^ ^~dt ^ ^~dfi~Jt^~dt^ dy' dt '^'^'^W~d^ d^^'^ ' 

(8) 
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Let us consider IB? with coordinates x and y. The canonical symplectic 
form a — dx A dy gives the Pfaff form w^^^ = xdy — ydi and the second 
order Lagrangian Lo{t,x,y,x,y) = xy — yx on here (x^y) := (a;^,a:^); 
(i, y) := {y^^y'^), in the previous notations. This Lagrangian was involved in 
[5], concerning its invariance to the (2 + 1)-Galilean symmetry; the authors 
prove in the Appendix that the general form of a one-particle Lagrangian which 
is at most linearly dependent on x,and y leading to Euler- Lagrange equations of 
motion which are covariant with respect to the D — 2 Galilei group, is given, up 
to gauge transformations, by L(t,x,y,x,y,x,y) — —k{xy — yx)+ ^{x^ + y^)- 
This Lagrangian is afhne in velocities, but it can come from two Pfaff forms: 

vn 

wi = —k{xdy — ydx) + —{xdx + ydy), 

L02 = —k{idy — ydi) + '^{^'^ + y^)dt. (9) 

In order to put together these two Pfaff forms, we define below an equivalence 
relation, ruled by their action and implicitly by their second order Lagrangians, 
affine in velocities. 

3 Equivalence of PfafF forms 

A first order Lagrangian F -.Mx TM M and a Pfaff form u eX*{Mx TM) 
gives the Pfaff form cj' = w + dF. Then 

/.'(7) = Ul) + fA^ + §^^ + §f^)dt = Ul) + F{x^{h), ^{b)y 

F{x\a),^{a)). 

According to the variation conditions ([5]) and ©, it is easy to see that 
and 1^1 have the same extrema curves. 

Analogous considerations as made in [5] for the gauge equivalence of first 
order Lagrangians can be transposed for second order Lagrangians (see for ex- 
ample [131 Section 4.4]). It reads that the second order Lagrangians L and 
L' = L + -^F , F : M X TM M, are gauge equivalent, i.e. they have the 
same extrema curves. Here -^F stands for L^ip, the second order Lagrangian 
associated with the Pfaff form dF. The analogous gauge form for actions of the 
corresponding Pfaff forms, reads that the Pfaff forms w and w' = w + dF have 
the same extrema curves. 

We notice that the Lagrangians given by i4j formula (11)] or [31 formula 
(34)] are gauge equivalent, but they are studied without using this fact. 

Let us consider the submodule G C X*{M x TM) generated by the local 
differential forms {Sx'^ = dx'^ — y^dt}^^YTK- ^ form e iff it has the local form 
r] = ai{t,x^ ,y^)Sx'^. It is easy to see that any form i] £ G vanishes along the 
(second order) lift of a curve on M. Thus for any Pfaff form w G X*{1R x TM), 
the Pfaff forms w and w' = w + jy have the same extrema curves (see [13] for 
other implications concerning the module G). 

We say that: 



6 



two Pfaff forms cj, cj' G X*{lRxM) are equivalent if there is anF e X*{MxM) 
such that uj' — uj — dF G Q ; 

two second order Lagrangians L' and L are g'aw^e equivalent if there is an 
F e X TM) such that L' - L = ^F. 

It is easy to see that two equivalent Pfaff forms have the same extrema 
curves. Analogously, two second order Lagrangians L' and L that are gauge 
equivalents have the same extrema curves. 

Proposition 3.1 Two Pfaff forms uj' andoj are equivalent iff their second order 
Lagrangians L^i and are gauge equivalent. 

Proof. Let lo' — Cj[dy^ + uj^dx^ +^^0 ^^"^ ^ ^ ^idjf +ujidx^ +wo be equivalent. 
Thus there is e J^{1R x M) such that lo' — lo — dF = r]i {dx^ — y^dt). It is easy 
to see that L,^/ — = -^F, thus L,^' and L,^ are gauge equivalent. Conversely, 
Let us suppose that L^^/ and L^^ are gauge equivalent, thus L^i — = -^F. 
Then Co'^ ^ Co, + and w-y* + cj^ = (||^ + + §f + wq. It follows that 
lo' — LO — dF = (w- —LOi — ^){dx^ — y^dt) G Q, thus w' and w are equivalent. □ 

It follows that the property of the above Proposition can be used as a defi- 
nition of equivalent Pfaff forms. 

Corrolary 3.1 If two Pfaff forms correspond to the same second order La- 
grangian affine in accelerations, then they are equivalent. 

The Poincare-Cartan form 6l = Ldt+ §^Sx^ of a first order Lagrangian L is 
obviously equivalent to the canonical Lagrangian form Ldt and both correspond 
to the same Lagrangian L, seen of second order by T^M TM — >■ JR. 

There are two possibilities to associate a Pfaff form to a pointed Lagrangian 
L{t,x^,y^) = y^yc loi = Vidx^ and uj2 = Ldt respectively. The first is pure and 
the second is a Lagrangian one, but they have the same action on curves, that 
given by the action of the same Lagrangian. It is easy to see that dioi — dw2 = 
iff jy* = 0; thus uoi and 002 are not differential equivalent (i.e. loi—lo2 = dF) for 
L 7^ 0. Thus there are Pfaff forms that are not differential equivalent (i.e. their 
difference is not a exact differential), but equivalent. 

Every Pfaff form oj that has the local form w = ujodt+LJidx^ +u)idy^ is locally 
equivalent to the local Pfaff form ui' = {uo+y'^uii)dt+uiidy'^ , since lo—lo' = uOiSx''. 
But, in general lo' is not a global Pfaff form. 

The Pfaff forms lo\ = —k{xdy — ydx)+ ^(xdx + ydy) and W2 = —k{xdy — 
ydx)+ ^{x^+y'^) considered previously are equivalent, since W1—W2 = ^{x{dx— 
xdt) + y{dy — ydt)). Let us consider below two other situations. 

1) Considering the canonical symplectic form in IB? given by {sij) = 

we obtain the pure Pfaff form ljJi = —ksijy'dy^, or loi — —keijx''dx^ where 
A; is a non-null constant, that corresponds to the second order Lagrangian 
Lo(a^%y%z*) = —ksijy^z^, or Lo{x^,x^,x^) = —ksijX^x^. 
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The LagrangianL(a;*, y% z') = ™^ y "^'j —fcg.^.y'^^, or L{x^,x^, x^) — HI^EJLIij.^ 
ksiji^x^ was considered in [^[TIIlfT]. 

In order to obtain a Pfaff form we have two possibihties: w = my'dijdx^ — 

ksijy^dy^ and co' — ™^ y "^'j dt _ ksijy^dy^; the first is pure and the second is a 
mixed one. 

2) The Lagrangian L{x^,y^,z^) — — to || + jf^jjnrjj where H?/*-"'"-' || = 
11^ II 

^ ^^^'^ or L{x^ ,x^ ,x^) = — m||i|j + ^^yljp-, where ||i|| = .J^MMIiL ^as con- 
sidered in [12]. The two Pfaff forms, one pure and one mixed, can also be 
considered: uj = - dx^ + Trrriwdv' , and uj' = -to ||y'^^'|| dt + jrT^dy' . 

\\y^'\\ W^W 

Unhke the first example, in the second example the Pfaff form oj' is not 
differentiable in the points where (y* — 0). 

3.1 Controlled and higher order Pfaff forms 

Let us extend the top Lagrange derivative to a broader class of Pfaff forms. 

Let tte ■ E TM a weak fiber manifold over the tangent bundle (i.e. 
a submersion) such that the composed projection ttm : _E M is a fiber 
manifold (i.e. a surjective submersion) . A bundle map of two fibered manifolds 
over the base M is a map that send fibers to fibers [E^ = 7r^/(a;) is the fiber 
of a: € M). We denote by tttm '■ TM — >■ M the canonical projection. Using 
local coordinates (x*) on M, (x*, m") on E and (x*, y^) on TM that are adapted 
to the fibered manifold structures, then we have the local forms (x*,?/^) '^-^^ 
(x»), {x\u°') ^ (x*), {x\y^,u") ^ {x\y^), {x\u°',y^ ,v'^) ^ (x%u") and 
(x*, y-', u", v^) -? (/9*(x% y^ ,u'^ ,v^)). If coordinates change, then one follow the 

rules: x'' = x''(x*), / = ^y\ m"' = m"'(x%w"), v'^' = ^y' + ^vl^ . 

A controlled Pfaff form on i5 is bundle map lj : M x E ^ T*TM over the 
base M. A controlled top Pfaff form on is a bundle map u) : M x E ^ T*M 
over the base M. 

Using local coordinates a controlled Pfaff form ut has the local form, cj = 
uJi{t,x\u°')dx'^ + uii{t,x^,u°')dy'^; the local functions change according to the 

rules Qi = ^-ruii/ and uji = + ^r'-^i' respectively. Analogously, a 

controlled top Pfaff form uj has the form w = ujidx'' and = ^^Wi' . Obviously 
a controlled Pfaff form lo as above give rise to a top Pfaff form u). 
Let us define the Lagrange controlled top derivative of lj as 

£:(M\y\ - N - (0y^' + + (10) 

Proposition 3.2 The Lagrange controlled top derivative of uj is a global map 
8'^: RxTE ^ T*M, over M. 

dOj „,a I du)i \ _ dy' ,-, , dx^ 



Proof We have - (0y^ + |^z;" + ^) = + H^.., 

cJa:;* dt 



y 0x1 dx'^^' y Ox' \ 0x1 a„Q,' -r 3^3-; dx' Qu"' Ou" " ~ ~ 
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Considering the (local) operator ^ = ^ + 2/' ^ + gf^ , then f ^ = (w^ — 

li E = TM, we obtain the definition of a controlled PfafF form uj or top 
Pfaff form, as above. The Lagrange controlled derivative oi to : £^ : M x 
TTM T*M restricts to the Lagrange derivative oiuj: Rx T'^M T*M 
given above by formula (fTO|) . since using local coordinates, this 

inclusion looks as (a;*, y*, z*) — )■ (a;*, y', z*). 

We cah: 

a k-order Pfaff form any controlled Pfaff form oj : Mx T^M T*TM and 
a k-order top Pfaff form any bundle map ui : Mx T^Ad — >■ T*M. 

It is easy to see that any fc-order Pfaff form lo — ujidx"^ +ujidy^ gives a fc-order 
top PfafF form a) = ojidx^ . 

Let us define now the Lagrange top derivative e!;^^^^ of a fc-order Pfaff form 
UJ : IRx T''M T*TM. The Lagrange controlled top derivative of uj is si^^'''^ : 
M X TT^M T*M restricts to the Lagrange derivative of w: E^J^^'^^ : R x 
T'^+'^M -)> T*M, according to the inclusion T^+^M C TT^M. Using local co- 
ordinates, the inclusion has the form (a;*, y*, . . . , w% w*) (x*, y*, . . . , y', . . . , 
w\ w'), £^^^^^ : R X TT^M ^ T*M has the local form 



El{t,x\y\...,w\X\Y\...,W^) 
and the restriction to R x T'^^^M is 



4'=+!) : RxT^+'^M -^T*M,£^^+'^\t,x\y' 



,duji duji duji ^ duji 



or 



£i^+'^ = [U, - J^^^]dx\ (11) 



where ^ is the local operator given by ^ = ^ + y-* + • • • H 

The first order Lagrange top derivative of a PfafF form u — ujidx^ + LUidy^ is 

the second order top PfafF Form si^^ ^£^:Rx T'^M T*M given using (|TT|) . 
In the case fc = 3, the local operator ^ is given by ^ = ^ + y^ + z* ^ + 

w^-f^ + w^-^. In the case when w = ujidx'^ has the order 2, then |^ = 

and the third order Lagrange top derivative £ui has the order at most 3, as uj. 
This is the case below when the Euler-Lagrange top form oF a Pfaff Form has 
the third order. 

We say that a /c-order Pfaff Form uj : RxT^M ~> T*TM is effectively of 
order k (or the order k is effective) if uj can not be induced be a (fc — l)-PFaff form 
uj' : Rx T'^-'^M T*TM (using the canonical projection T'^M T^-^M). 
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Analogously, a fc-order top PfafF form : IRxT'^M T*M is effectively of order 
fc if w can not be induced be a (fc - 1)-Pfaff form u)' : R x T^-'^M T*TM. 

The Lagrange top derivative of an effective /c-order Pfaff form oj : M x 
T^M T*TM is at most effective (fc + l)-order top Pfaff form : M x 

X^+'^M — )■ T*M . In the case when an effective fc-order Pfaff form a; = ijjidx^ + 
ujidy'^ has the associated top Pfaff form uj = ujidx^ of an effective s-order, s < 
fc — 1, then the Lagrange top derivative fi'^"''"'^'' has an effective /c-order, as w. 

It is easy to see that ifw : RxT^M -5> T*M, ui{t,x\y\ . . . = u)-[t,x\y\ 
. . . , z^)dx^ is a fc-order top Pfaff form, then {Eij = ^) and {Eij^ = gfjfjr) 
are covariant tensors: a bihnear form E'^ and a trihnear form E'^ respectively, 
on the fibers of T*M. Then ui is effective of order fc iff i?^ ^ 0. We say the 
fe-order top Pfaff form uj is affine in k- accelerations if E'^ = 0. 

We say also that a fc-order Pfaff form lu, with ui the associated Pfaff form, 
is affine in k- accelerations if its Lagrange top derivative fif"''"'^^ is affine in fc- 
accelerations (if the effective order of ui is less than the effective order of w) or 
in (fc + l)-accelerations (if the effective orders of ui and w are the same). 

Using relation (|lll) it is easy to see that if a fc-order Pfaff form w and its its 
associated top Pfaff form ui have effectively the orders fc, then the Lagrange top 
derivative of uj is affine in the (fc + l)-accelerations, i.e. denoting 9 — 
then E'^ = and E'g = 8^J;^^\ specifically Eij = Iff-. 



4 The Euler-Lagrange equation as a top PfafF 
form 

Any second order Lagrangian L : IR x M ^ M gives rise to at most forth 
order top Pfaff form £idx^ , that we call the Euler-Lagrange top Pfaff form of L, 
where 

aL (P_dL_ 
'^d^^di'&i/^di^d?' ^ ^ 

where § = m + -^r + ^ + + ^ and {x' ,y\ z\w\w') are the 

canonical local coordinates on T'^AI induced by the local coordinates (a;*) on 
M. In the case when a second order Lagrangian L^j is affine in accelerations 
and it is associated with a Pfaff form lo, its local formula is given as in formula 
Q with L*^^' — L^. We say that the Euler-Lagrange top Pfaff form E — oi 
is the Euler-Lagrange top Pfaff form of uj. Specifically, if w is a Pfaff form 
given by formula ([T|), then L^(i, a;*, y*, z*) = -l- -I- thus 

^ _ 9^0 '^^^ yi + '^^^ 7J (^^" '^^^ y' +uj;+ '^^^ 7J) + w- (13) 
* dx^ dx'' dx'' dt dy^ dy^ ' dy^ dt'^ 

where i = f + J/^ gfr + gfr + ^ , since |4 = (t, y\ and the forth 
order coordinates (w*) are not involved. Thus the top Pfaff form £ is at most 
third order in this case. 
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We prove below that the Euler-Lagrange top PfafF form can be obtained 
using two second order Pfaff forms. 



Proposition 4.1 Letuj be a (first order) Pfaff form such that the Euler-Lagrange 
top Pfaff form £^ is of third order. Then the following assertions holds true. 

1. If n is a first or a second order Pfaff form such that such that H = then 
there is a second or a third order Pfaff form $, uniquely determined by 
the conditions that the Lagrange top derivative ofQ is $ and the Lagrange 
top derivative of $ is the Euler-Lagrange top Pfaff form £^ . 

2. There are two second order Pfaff forms Q and $ such that fl = lo, the 
Lagrange top derivative of fl is ^ and the Lagrange top derivative of $ is 

Proof. 1. The conditions on $ read — fli — -^Qi — fli — j^uji and 
$i = ^3>i + thus il is uniquely determined by these conditions. If D, is of 
first order then $ is of second order, thus $ is of second or of third order. If J7 
is of second order then $ is of second order or of third order, thus $ is of second 
or of third order. 

2. Let us denote w = uJodt + uJidx^ + uiidy^ and let L = wq + w^y' + w^z* 
be the associated two order Lagrangian linear in velocities. We consider fi = 

n,dx' + - - dx' + = + + ^z')dx + Lo^dy\ 

We have -r^ ^ +2^^ and ^ ^ %rwi:- follows that 

oy^ oz^ oz^ ox^ oy^ oz^ oz^ oz^ 

= ^n,^ (14) 

thus the local formulas Vl = ilidx^ + Clidy"^ define a second order Pfaff form 
fl: Rx T^M T*TM. 

According to 1., ^ n, - j-^Co, ^ §k ^ uj, - and = + = 

— -^i^i, thus $ is of second order. □ 

We call the second order Pfaff form il constructed in 2. of Proposition 14.11 
as an Ostrogradski Pfaff form of w. 

The above construction is related to a general approach, related to the clas- 
sical Ostrogradski theory. 

Let L : M X T'^M Mhe a, second order Lagrangian. There is a top Pfaff 
form ui = §^dx'^ associated with this Lagrangian, that is of order at most 2. Let 
us suppose that w is a first or second order Pfaff form u such that its top Pfaff 
form is Hi, i.e. uj = ujidx^ + ^dy\ One can consider for example uj — i^dx' + 

§~dy\ Then the formula n = ^idx' + a^dx' = - w,) dx' + §~dx' defines 
a Pfaff form of order at most 2. 
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Then t] : M x T'^M T*TM, ri{t, x\y\ zJ) (^|^ - rfx* + §kdy^ is a 

second order PfafF form. The Lagrange top derivative of 77 is ■ IR x T^M — 
T*M, = (0 _ _ usuahy - - ^f^) is denoted by 



Since S=§k-i§k+d^§L ^ OL_d^^^_d_ ^9L_^^_ . |L ) 

that M = (H^ - f^uj,) dx' + (0 -oJi- -sIf) t^y' is at most third order Pfaff 

form and its Lagrange top derivative is sjj^^ — S^j, the Euler-Lagrange top 
Pfaff form of lu. This algorithm can produce Pfaff forms for a second order 
Lagrangian, taking a suitable Pfaff form lo. 

A A:-order semi-spray S : R x T^M T^+^M is a section (t,a;('')) 4 
{t,S{t,x^^^)) of the affine bundle R x T^+'^M M x T'^M, obtained as a 
product of the affine bundle T''+^M T^M and the identity M ^ M. 

Let £^:Rx T^M T*M be the Euler-Lagrange top Pfaff form of a Pfaff 
form uj. We say that a second order semi-spray S : M x T^M M x T^M 
is adapted to the Pfaff form lo li £^ o S = Q. The local form of S and £^ 

are {t, x\y'- , z"^) A- (i, x', y*, z', x*, y*, z')) and £uj = £idx^ with £i given 
by (fT3|l respectively. Denoting hij = — then there are local functions 
fi{t,x^,y^,z^) such that 

£i{t,x\y\z\w') = hijW^ + fi{t,x\y\z'). 

More precisely: 



g _ dbJQ _ d loq 'iJi;fl_7iJ _|_ (2}£1 — " '^i 

dy^dy 

a\ _ ^ ^ 

dy^dy^^ dy^ ^ dy^ ^ ^ dx^ ^ ^ dx^dy^ dx^dy' 



'^ly dt dx^y ^ ^t^^ 0x3 dty ^ \dtdxi^ dx''dx:' » >» 
dy'^ dy3 dx^ ^ dx^dy^ dx^dy^ 



^y^dyidt dtdy- r' ^ dxi ^ ^ ^ dy^dyi dy^dy' > ^ ydy^ dy^ ) ^ ' 

The condition that S is adapted to the Pfaff form reads 

K,S^ + U{t,x\y\z')^Q. (15) 

Notice that the third order semi-spray S gives a system of third order equa- 
tions, having the form 

its solutions are the integrable curves of the vector field S 



We say that the Pfaff form w is regular if the local matrices {hij — — S^-) 



are non-singular. 

Proposition 4.2 // the Pfaff form lo is regular, then the solutions of the gen- 
eralized Euler-Lagrange equation £ ~ 0, where £ is given by I113\) are the same 
solutions of a second order equation given by a global second order semi-spray 
S : Mx T^M T^M. 
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Proof. If Lu is regular, then the matrix (hij) is invertible and let (/i'-') = 
{hij)~^ ■ The equation gives uniquely = h^''fi{t,x^,y^,z^) and a map 5 : 
1? X T^M ^ T^M, S{t,x\y\z') = {t,x\y\ z\ S'), that is well defined and 
gives the second order semi-spray S. □ 

5 Non-degenerated and regular Pfaff forms 

We recall that a (first order) Pfaff form lu having the local form ([1]) is 
regular if the local matrix (^hij = — is non-singular and 

non-degenerated if the local matrix (^f^^ is non-singular. 

The two above regularity conditions can be related as follows. 

If m = dim M is odd, then there are not regular Pfaff form on M, since a skew 
symmetric matrix in singular in this case; but there are non-degenerated Pfaff 
forms. For example, let 51 be a (pseudo-) Riemannian metric on M, F{x,y) = 
^9x{y, y) its energy map and u)i = Then any Pfaff form that has w — ujidx"^ 
a top Pfaff form is non-degenerateS. Even in even dimension, this top Pfaff 
form is non-degenerated, but never regular, since — = 0. 

In the even dimensions, there are regular Pfaff Forms that are degenerated. 
For example, in , the top Pfaff form ai(x, y, X, Y) ^ {X + Y)dx - {X + Y)dy 
is regular, but degenerated. 

We say that a Pfaff lo form is biregular if it is hyper-non-degenerated as well 
as regular. 

Let us extend the definition of a non-degenerated Pfaff form to higher order 
Pfaff forms and use it in the study of the Euler-Lagrange equation. 

For k>\, let us denote T^*M = T*MxmT^~^M, the fibered product over 
the base M. A A:-order top Pfaff form uj : Rx T^M Rx T*M gives rise to a 
bundle map/Ifl : RxT^M ^ RxT^* M , £^(t,a;W) = (t, 7rfe(x('=) , a;W))), 
that we call the Legendre map of w. The Legendre map C^^j of a /c-order Pfaff form 
LU is, by definition, the Legendre map of its associated top form. The condition 
that Cq be a local diffeomorphism is just that w be a non-degenerated top Pfaff 
form. We say that u is hyper-non- degenerated if Cq is a global diffeomorphism. 
The same definitions {Legendre map, non- degenerated, hyper-non- degenerated 
and biregular) on a Pfaff form uj are the same as referring to its top form uj, as 
above. 

We recall that a /c-order semi-spray on M is a section S : R x T*' M 
R X T^+'^M of the affine bundle R x T^+'^M RxT^M. It can be regarded as 
well as a (time dependent) vector field Fg on the manifold T^M , since T^^'^M C 
TT^M. 

Let ttb : i5 — >■ M be a fibered manifold. For A; > 1, we say that a controlled 
semi-spray of degree k on M over i5 is a map S : RxExmT'^M ^ T^'^^M such 
'iTkoS{t,e,x''^^) — a;*^'^-*. We use here in particular a controlled semi-spray of order 
k over E = T*M. We denote T^*M = T* M x mT''-'^ M , considered as a fibered 
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manifold over M and we say that a controlled semi-spray S : ]RxT'^*M — 7> T'^M 
is {k — l)-order cotangent semi-spray, or a (fc — 1) -co-semi-spray , in short. 

If a top PfafF form of order k is hyper-non-degenerated, then the inverse of 
the Legendre map £a, C^^ ■■ JRy< T^*M Mx T^M defines a (fc - 1) -co-spray 
S -.Rx T^*M T'^M. 

For example, if a (first order) top PfafF form, or Pfaff form, is hyper-non- 
degenerated, then the inverse of its Legendre map defines a 1-semi-spray S : 
R X T*M TM. 

5.1 The dynamics of regular and biregular Pfaff forms 

We prove in this subsection that the dynamics on M of a regular PfafF form 
comes from the projection of the integral curves of a vector field X on T^*M = 
T*M Xm TM, while for a biregular Pfaff form, its dynamics comes from the 
projection of the integral curves of a vector field Y on = TM Xm TM. 

A regular (first order) Pfaff form ui gives rise to a 2-co-semi-spray S : M x 
T'^*M — ^ T^M as follows. Let us consider the Ostrogradski Pfaff form = 
(^If — LOi)dx^ -f ^^dx\ ^ loq + LUiy^ + u}iz\ $ be the second order Pfaff 
form given by Proposition 14. II and $ = ^idx^ + ^idy^. We have 

= - - - + #^y^' + - (|%2/^' #) = 

L Qyl L QyZ ^yl ^y^ ^OX^ ^ OIJ^ Ot ' 

d) _ dh^ 'Li ^ — ^"o _ 8"' _i_ ( '^"j _ d'^i \ nJ I ( ^"j _ duji \ j 

^« ~ dx' dt^t ~ dx^ dt \ dx^ dxi J ^ \dxi dyi ) ' 

Let US consider the map C : M x T'^M IR x T'^*M, £'{t,x^'^'>) = {t, 
7ri(a;(2)), S^\x^^'^)), where f^^^ : T^Af ^ T*M is the Lagrange top derivative 

of rj. 

It is easy to see that w is a regular Pfaff form, i.e. the matrix (j^^ — 

is non-singular, iff C'^ is a global diffeomorphism. Then the inverse of C'^ gives 
a 2-co-semi-spray S : M x T'^*M T'^M. The local form of the functions S"* 
comes from the equations = Pi, thus 

where (h^^) = {h,,)-\ h,, = ^ - f^. 

Now we can go further, to find the integral curves of the action of w. 

Considering local coordinates, then £^ = 57 = Uidx'' -\- Vtidy^ and let X = 
i + + S'{t,x^,y^,p,)^ + be the {t,x\y') local form of local 

vector fields on lRxT^*M, where ^t{t,x\y\pi) = ^i{t,x\y\ S^{t, x\ y\pi)) = 

^-^ + {^ - M) y' + {& - 1^) Let us denote by ... : T^*M -> M 
the canonical projection. 

Proposition 5.1 Let uj he a regular (first order) Pfaff form. Then: 

1. the local vector fields glue together to a vector field X on T"^* M and 
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2. the integral curves of X projects by tt^2 to all the critical curves of the 
action ofcu. 

Proof. We use local coordinates (x*), (x*,?/*), {x^,pi), {x^,y^,pi) and {x^,y^,pi, 
X\ Y\ P,) on M, TM, T*M, T^*M = TM Xm T*M and T{TM Xm T*M) 
respectively (see the Appendix) . Then the local components of X must change 

on the intersection of two local bundle charts by the rules 5* = ^xy* + ^prS^ 

and $i = ^p-pi' + ^T^i' respectively. The first rule follows from the fact that 
(iS*') are the components of a 1-co-semi-spray. The second rule follows using 
similar relations [T4l for $i and $i: in the second relation we have that — pi'. 
Thus 1. follows. 

Along an integral curve of X we have ^ = y\ ^ = and ^ — Since 
p, = S^) and = - a., - f^u,, thus ^ = -|(^ - - |^,), 

it follows that 1)^ = - = - Wi - -^w*), i.e. the Euler-Lagrange 

equation holds along any curve t — > x{t). This proves 2. □ 

Let us consider that co is biregular, i.e. hyper-non-degenerated and regular. 
Let us denote T^M = T*M Xm T*M and 7ro2, : T^M -> M the canonical 
projection and consider coordinates (a;*,p(o)i,j'(i)i) on TgM, induced by the 
local coordinates (a;*) on M. We define a map C'^ : M x T^M M x T^M, 
£"(t, x^^^) — (t, fi, $), where — ui and $ are the corresponding top Pfaff 
forms. 

Then uj is non-degenerated and regular iff the map is a local diffeomor- 
phism. The Pfaff form lu is hyper-non-degenerated iff is a diffeomorphism 

Considering local coordinates as previously, the Legendre map £" has the 
form x% y*, z*) = {t,u)i{t,x^,y^),di{t,x^,y'',z^)). As above it follows that 

is a local diffeomorphism that is a global one iff the Legendre map is a global 
diffeomorphism. 

Let (i,P(o)i,P(i)i) be some local coordinates on JRx Af. If the Pfaff form 
LU is biregular, then the equations uji(t,x'^,y'') — P(o)i gives — T'^(t,x^ ,p(o)j) 
and the equations ^^(i:, x*, T', z*) = gives z' — S'*(i, x-',p(o)j,P(i)j). If w 
is hyperregular and hyper-non-degenerated, then the local functions (T') and 
(5**) come from some co-semi-sprays and give some global diffeomorphisms T : 
IR X T*M Mx TM and S" : JR x T'^*M IR x T'^M respectively. 

Let us consider the local vector field on T2 Af, given by y = T^-^ + {^i — 

Proposition 5.2 Let lo he a biregular (first order) Pfaff form. Then: 

1. the local vector fields glue together to a vector field Y on T^M and 

2. the integral curves of Y projects by 7r*2 to all the critical curves of the 
action of lo. 

Proof. We use local coordinates (x*), {x^ ,P(Q)i,P(i)i) and (x*,p(o)i,P(i)i, x% 
P{o)i, P{i)i) on A/, T^^M = T*M x m T*M and T{TM* x m T*M) respectively 



15 



(see the Appendix). Then the local components of Y must change on the in- 
tersection of two local bundle charts by the rules — ^-rT\ {Cli — P(i)i) = 

^(fii/-p(i),,) + ^P(o)* and 4, = fp-^j' + ^P(i)j- The first relation follows 
from the fact that (T^) are the components of a global map in the fibers of TM. 

The second relation follows from = ^^P{i)i' ^i^d fli = ^r^i' + ^^P{o)i 
(see the Appendix and the definition of (l). The third relation follows using the 
definition of &, the second relation [HI and the fact that — In order to 

prove 2., along an integral curve of Y we have 2/' = ^ = T\ = Cli — P{i)i 

and -^^^ = 6i- According to the definitions, it is easy to prove 2. □ 

A full interpretation of the two vector fields X and Y is given in the next 
subsection, where we prove that the two vectors are the Hamiltonian vector 
fields of two suitable Hamiltonians. 

5.2 Hamiltonian descriptions of biregular Pfaff forms 

Important tools in describing the dynamic equations of a Hamiltonian system 
are offered by quantizations. Following similar ideas used in [9, Section 2.], 
one can use Ostrogradski-Dirac and Fadeev-Jakiw methods, but also a modi- 
fied Ostrogradski-Dirac method, according to the possibility to construct con- 
straints slight different from the canonical ones used in Ostrogradski theory. 
The Ostrogradski-Dirac method was also used in [3] in the quantization of the 
system derived from a Lagrangian linear in velocities, involved in the study of 
a Reegge-Teitelboim model. We give below a global form of these results. More 
specifically, we prove in this subsection that: 

- if w is regular and its essential part is time independent, then there are 
symplectic forms on T'^*M, t € and a hamiltonian H : M x T'^*M -)■ IR 
such that the Hamiltonian vector field Xh gives by projection the dynamics of 
UJ on M; 

- if w is biregular and its essential part is time independent, then there are 
symplectic forms S" on T^M, t € R, and a hamiltonian H' : IR x T^M M 
such that the Hamiltonian vector field Xh' gives by projection the dynamics of 
UJ on M. 

Let us consider the map $ : J? x T'^*M M x T*TM, <^{t,x\v\pi) = 
{t,x\y\p^+UJi,UJi). Let us denote by $t : T'^*M -> T*TM the map $t(p(2)) = 
$(i,p(2)), where t £ M is given, and by S the canonical symplectic 2-form on 
T*TM. Then we can consider the induced 2-form $jS on T'^*M, that has 
the local form $(S = dx^ A {dpi -f duji) -f dy"^ A dw;, where the differential d is 
considered on T^*M. 

Proposition 5.3 Let oj be a (first order) Pfaff form. For every t £ M the form 
= is closed on T'^*M and it is non- degenerated iff ui is a regular Pfaff 
form. 

Proof. The form S is closed since the form S is closed. Using local 
coordinates as above, we have: 
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<^;E = dx' A {dp, + §§dx^ + ^dy') + dy' A {^dx^ + ^dy^) = dx' A dp, + 
^dx"- A dx^' + (ip- - ^) da;' A dy^ + ^dy' A dy^ . Thus, using the local base 

{dx" A dx' , dx* A dy^, da;* A dpj, dy* A dy^ , dy'' A dp^, , dpi A dpj}i<j, then $*E; 
has the matrix 

AS/ 
-B C 
-7 

where A = (f^ - , B = (fp - §|f ) , / = (<5]), C = (0 - ff). The 
above matrix is non-degenerate iff the matrix C is non-degenerate, i.e. iff uj is 
a regular Pfaff form. □ 

We prove now that the closed form S' can be used to quantify the Hamil- 
tonian system derived from a Lagrangian linear in velocities that comes from a 
non-degenerate Pfaff form. 

Theorem 5.1 Let lo he a regular (first order) Pfaff form on M such that its 
essential part is time independent. Then there is are symplectic forms on 
T'^*M , t e M, and a hamiltonian H : lRxT^*M — > IR such that the Hamiltonian 
vector field X^j is X from Proposition \5.1l 



Proof. According to Proposition 15. 11 it suffices to prove that the vector field 
X = y'-^ + S'{t,x\y' ,pi)-^ + is the Hamiltonian vector field of a 

suitable Hamiltonian, namely the Hamiltonian H = —piy' -f wq. It reads that 
ijcS = dH. Indeed, using local coordinates, we have: 



\dx3 dx' J y ydy^ dx' J 

dug dtjj I / di^j duJi \ j I / di^j dcoi \ cj 

dx^ dt ^ \ dxi dxi ) y \ dxi dy^ J 

dujQ dtji dcug dH 

dx^ dt dx^ dx^ ' 

_ ( — iP -I- f ^ — 
\^ dy' dx^ J y ~'~ \ dyi dy' 



\ dy' dxJ J y t'^'^ dy' dt \ dy' dxi 

In the case when the essential part Co = Uidx' -f ujidy of lo is not necessarily 
time independent, the general formula reads = dH — ^w, where = 
^^dx' + ^g^dy' is a 1-form on T^* M induced by the canonical projection 
T^*M — >■ TM , by a 1-form given by the same formula. 

Let u) = Qidx' be a hyper-non-degenerated (first order) top Pfaff form, i.e. 
the Legendre map Cq : Mx TM —> x T*Af is a global diffeomorphism. Then 

C^^ : ]RxT*M ^ MxTM has the form {t,x\p,) A- {t,x\T'{t,x\pi)). Con- 
sidering the non-degenerated matrices {hij = fp- j and its inverse {ji''^ — , 



17 



we say that a; is co-regular if the matrix (ji^^ ~ — j is non-singular in 
every point oi M x T* M . We recall that ui is regular if the matrix 

duji dujj \ 

is non-singular in every point oi M x TM. 

We say that a Pfaff form oj is co-regular if its top PfafF form cj is co-regular. 

Proposition 5.4 // a Pfaff form lo is non- degenerated then lo is co-regular iff 
UJ is regular. 

Proof Denoting H = {hij), H = (h'^) = H-\ then (h'^^ = H - = 

H{H* - H)H\ thus {h'^^ = H ~ HUs invertible iff (hij -hji) = H - H* is 

invertible; this prove the assertion. □ 

Let us suppose that the Pfaff form cj is biregular, i.e. hyper-non-degenerated 
and regular. Thus there are some global co-semi-sprays that give some global 
diffeomorphisms T : R x T*M R x TM and S : R x T'^*M R x T'^M 
respectively. We consider the local functions (T*) and (S"*) that come from these 
co-semi-sprays. 

Let us consider the diffeomorphism * : 1? x T^M Rx T*TM, 
'^{t,x\p{o)^,P(i)i) = (t,a;*,r*(i,x^p(o)j),P(i)i +'^»(^,a;^p(o)j),p(o)i), 

where oji{t, ,p(^o)j) = ^iit^^^ ,T^{t,x^ ,p^o)j))- Let us denote by ^'t : T2M — > 
T*TM the map ^t{x\p(o)i,p(i)^) = ^{t, x\p(o)i,p(i)^), where t e R is given, 
and by S the canonical symplectic 2-form on T*TM . Then we can consider 
the induced 2-form on T^M, that has the local form $jS = dx^ A (p(i)i -f 
duji) + dT"^ A dp(^Q-ji, where the differential d is considered on T^M. 

Let us denote hy F : R x T2M — > J? x T^*M the diffeomorphism given by 
P{t,x\p(o)i,P(i)i) = {t,x\T'{t,x^ ,p(o)j),p(^i)i), provided that w is hyper-non- 
degenerated. It is easy to see that \E't = $t o Ft, thus = Ft = FtS'. 
In a similar way as Proposition 15.31 the following statement holds true. 

Proposition 5.5 Let uj be a biregular Pfaff form. For every t d R the two 
form S" = ^'t S — Ft S' is symplectic form on T2M . 

Using local coordinates as above, we have: 

4'*S = dx^Aidp^,y, + ^dx' + ^dp^o)j) + &x^ + ^dp^o),)/\dpio), = 

dx^ A + ^dx^Adx^ + [-^-^) dx^ A dp(o), + ^dp(o)» A dp^o), ■ 
Thus, using the local base {dx' A dx^ , dx"^ A dp(^o)j, dx* A <ip(i)j, (ip(o)i A <ip(o)j, 
dp(o)i A (ip(i)j, , dp^i-fi A <ip(i)j}i<j, then S has the matrix 

A' B' I 
-B' C 
-7 



18 



whereA'=te-^Vi3'=(^-fi),C'=(^-^l and / = 



'(0)] , 



{6ij). The above matrix is non-degenerated iff the matrix C is non-degenerate 
i.e. iff w is a biregular Pfaff form. 

Wc prove now that the closed form S" can be used also to quantify the 
Hamiltonian system derived from a Lagrangian linear in velocities that comes 
from a non-degenerate Pfaff form. Using Theorem 15. 1[ the following statement 
holds true. 

Theorem 5.2 Let u be a biregular (first order) Pfaff form on M such that its 
essential part is time independent. Then for every t € M, there is a symplec- 
tic form S" on M and a hamiltonian H' : IR x T2 M — !■ IR such that the 
Hamiltonian vector field Xh' is Y from Proposition \5.2[ 



Proof. It suffices to prove that for every t ^ M, the vector fields X = Xjj S 
A'(r2*M) used in Theorem O and Y e X{T°M) used in Proposition O are 
related by the diffeomorphisms Ft : T^M T'^*M , i.e. {rt)*Y o (Fj"^) = X, 
or iFt')*Xo{rt)=Y. 

Indeed, using local coordinates, (F^^)* has the local matrix 




where / = (<5]), D = {^), E ^ (0). Then {F^^X and Y' = {F;%X ■ 

(Ft) have the local forms 

irt%X = y^£, + {y^§f + + $.3^ and 

Y' =T^£+{T^§f{t,x\T^)+S^it,x^,T^,p^,^,)m,^\T^))^ 



+ (a + <l,g^, since 

y^^ + S^^ = ^-u;,-p,^n,-p,. 
Thus Y' = Y e XiT^M), used in Proposition O 

Notice that the pull-back of the Hamiltonians H — —piy'^ -I- by Ft is the 
Hamiltonian H' : M x T^M M, H' {t,x\p(o)t,P{iyd = -P{i)tT'ix^ ,P(o)j) + 
ujQ{t,x\T'). □ 



6 Some examples and special cases 

We say that a Pfaff form uj E X*{1R x TM) is singular if it is locally equivalent 
to a local Lagrangian. 

Proposition 6.1 A Pfaff form is singular iff its top component uj, viewed as a 
vertical form, is vertical closed. 

Proof. The Pfaff form — coodt+LUidx'^ +Ldidy^ = {LL!Q+y^uji)dt+uji5x^ +Ldidy^ 
is locally equivalent to a local Lagrangian form iff locally its top component Ui 
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has the form LOi — Using Poincare Lemma, this condition is equivalent to 

— 1^ = 0, i.e. uj — ujidx^ is vertically closed. □ 
We say that w is: 

globally singular if there are two Lagrangians Lq, Li : M x TM — > IR and a 
top Lagrangian form ^ = fiidx^ , such that lj — L^dt — ^iSx^ + dLi; 

locally singular if there is a Lagrangian Lq '■ IR x TM — > IR, a closed form 
LdQ G X*{1R X TM) and a top Lagrangian form /i = fXidx'', such that 
UJ — Lodt ^ HiSx^ + loq. 

It is easy to see that if the PfaflF form uj is globally or locally singular it is 
also singular. 

A [global) non- Lagrangian system is given by a Pfaff form cj for which there 
are two Lagrangians L,/io : TM M and a top Pfaff form ii — Hidx'', such 
that UJ — dL = fj,odt + fj,idx\ thus ujq = ^ + fiQ, uji = ^ + /i^ and uJi = 
Since uj — (/ig + y''fj,i)dt = fj.tSx'^ + dL, it follows that a (global) non-Lagrangian 
system is equivalent to give a globally singular Pfaff form. 

We can relax the above condition defining a local non-Lagrangian system as 
a Pfaff form uj such that uj — Q = fx^dt + fiidx"^, where is a closed form and 
fi, fj,o are as previously. In the same way, it follows that a local non-Lagrangian 
system is equivalent to give a locally singular Pfaff form. 

If a; is a local non-Lagrangian system on TM , then it can be proved that it 
is a global one. 

In the case when uj is differentiable only on TM* = TM\{0}, where {0} is 
the image of the null section, then it makes sense to make the difference between 
a local and a global Pfaff form. 

For example, the Pfaff form uj = , ^ dx , ^ dy is a local 

non-Lagrangian on IB? x IB^ , not a global one. 

Instead of TM* one can consider another open submanifold of TM . 

An other example: the Pfaff form uj = Ldt, associated with a non-constant 
Lagrangian L, defines a non-Lagrangian system. 

Some important class of Pfaff forms are: 

- When ujQ ~ 0; for example, this is the case of time independent Lagrangians 
L = L(a;\2/'), since Wo = H; 

- When ujq = UJi — for example, this is the case of Lagrangians that 
depend only on direction: L — L{y'^). 

Ifuj — ujj{y^)dy^ , then the equation ^ has the form ■^{^r-^) — ^i^i = 0, 

Example 1. Let us consider coordinates {x,y) on and {x,y, X,Y) 
on = ri?2 Lgi- ^ ^ YdX ~ XdY. The equations dH]) have the form: 

dt { dt^ ) dt^ \ dt) - °^ dH - ^' ^^'^ dt V <it2 J + dt2 \dt) - or - U. 

The exact solution is: x{t) = Ci + C2t + C^t^, y{t) ^Ci + C^t + Cet^ . 
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Example 2. In M^, as in Example 1. above, let lu = —ydx + xdy + YdX — 
XdY. The equations §1 have the form fti^i + + ^t^, = 0. 

Forj = l,f -^(-2/-^) + ^(§)=0, or ^ + ^=0 and 

For J = 2, -f - ^(x + ) - ^ (H) = 0, or f + ^ = 0. 

The general solution is x{t) = c\ cost + C3 sini + C5, x(t) = C2 cost + C4 sint + 
cg. The integral curves are ellipses and straight lines. If t\ <t-2, < are given, 
then for every three distinct points Aaixa-, j/q) G JR^, a = 1, 3, there is a unique 
integral curve in the family that contains the three points, i.e. t — >■ (x{t),y{t)), 

x{ta) = Xa, y{ta) ^ya, 1, 3. 

This feature characterizes the dynamics generated by a third order differen- 
tial equation, when in general, an integral curve is determined by three distinct 
points. Let us notice that for a second order differential equation, an integral 
curve is determined, in general, by two distinct points. 

Let us consider now the case dimM = 1. In this case, since the only skew- 
symmetric matrix of first order is the null matrix, the equation ([5]) is always of 
second order, for every Pfaff form uj = ujodt + ujdx -\~ Cody, having the form 

f d^uj o i9lj I r, dCj \ d'^xo I d^Cj ( dxQ \^ , { d^uj d^uj duj , o d^uj \ dxp , dcoQ 

^dtdy ^ dy'*''^ Ox >~dt^~^'d^\ dt > ^ dtdy dxdy ^ ^ dxdtl dt dx 

d^ujQ duj I d'^Cj n 

dtdy dt 'dW ~ ^■ 

In the case when the local functions wq, uj and uj do not depend on y, the 
above equation becomes 

du) d'^xo d'^Lo / dxo\^ r, ^^'^ ^^o d^o duj d'^Hi 
'di~d^^^\dt) ^ lkdft~dr^~d^^~dt^W'^ ■ ^ ^ 

We can give a global description of this fact. It well-known that any one 
dimensional manifold is diffeomorphic with M or S^. On IR one can take a 
single global chart, while on one can take two charts, where the coordinate 
functions change by ^ = ±1. Using the formula that coordinates change, it 
follows that if Wo I ^ and Q do not depend on y on the domains of the two local 
charts, this is true on the intersection domain; we call a such Pfaff form J) as a 
basic Pfaff form. We suppose also that |^ ^ in every point, thus a) is regular 

According to PI Section 2.], a standard Lagrangian has the form 

L{t, X, y) = ip(a;, t)y'' + Q{x, t)y + t). (18) 

Its Euler-Lagrange equation is 2Px" + [x' f + 2Ptx' + 2{Qt - Rx) = 0, 
where subscripts a;, t denote partial derivatives and x' — x" — In 
[2l Proposition 2.1.] one prove that a second order equation 

x" + a{t, x) (x'f + b{t, x)x' + c{t, x)^0 

admits a standard Lagrangian description (jlSp iff — 2at', then P — exp(2 a{t, 
s)ds) and R — J (Qtit, s) — c{t, s)P{t, s))ds, where Q = Q{x, t) is an arbitrary 
function. The following result can be proved by a straightforward verification. 
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Proposition 6.2 The generalized Euler- Lagrange equation of a regular and ba- 
sic Pfaff form on a one dimensional manifold admits locally standard Lagrangian 
descriptions. 

Proof. We can prove by a straightforward computation that the equation 
([T7|) admits a standard Lagrangian description with 



a2,-. 



dx dx dx 

A top Pfaff form a and a first order semi-spray S : Mx TM -> MxT^M hav- 
ing the local forms a — ai{t,x^ ,y^)dx^ and S{t,x^ ,y^) — {t,x\y'',S''{t,x^ ,y^)) 
give rise to second order Lagrangian L, affine in velocities, given by the formula 

Lit,x\y\z')=a, {z' - S') . 

Let us suppose that there is a map u : Mx TM Mx TM of fibered manifolds 
over M x M, having the form u{t,x'^,y^) — (t, x% y*)), such that the 

semi-spray S has the local form S^{t, x^, y^) = Uj{t, x*, y^)y^ +u^{t, x*, y*). Then 
we can consider the Pfaff form uj given by the formula. 

Lu — otidy^ — ajU^dx^ — a.jw' . 

For example, a 2-form a G X*{M) A X*{M), having the local form a = 
\aij{x^)dx^ A dx^ , gives rise to a top Pfaff form a = aijy^dx^. Adding a 
supplementary structure, one can consider a Pfaff form. For example, if V is 
a linear connection on M, then one can S the spray associated with V. Using 
local coordinates, if {PJfc} are the local coefficients of V, then 5* — ^T'ji^y^y'' 
are the local coefficients of the first order spray. Then 

w = aijV^dy' - arjy^y^Tl^dx'- . 



A Riemannian metric g on M gives rise to the Levi-Civita connection V. 
Using local coordinates, if 5 = ^gij{x^)dx'^ ® dx^ , then r*^, = g'^^Tijk, where 

(Pyfe) are the first order Christoffel coefficients Tuj — \ (^^r + 

and (y'J) = {g,,)-\ Then S\t,x\y') = g'^Vu.vS' = u]y' , = g'^Taky'. 

The symplectic analogous version can be considered on a Fedosov mani- 
fod, i.e. a triple (M, a,V), where {M,a) is a symplectic manifold and V is a 
symplectic linear connection on M, i.e. a is parallel according the V. 

Let us consider the canonical symplectic form on M^^, a*^''^ — £i^i+„e* A 



, where (sij) — ^ ^ J is the the Levi-Civita tensor on M . Then 

the second order Lagrangian, affine in accelerations given by L*^^) = Sijy^z^ + 
k ||y||^, where ||y||^ = ^Sijy^yK This Lagrangian corresponds to some equivalent 
Pfaff forms uj = Sijy^dy^ + kSijy^dx'^ and oj' — Sijy^dy^ -I- fc ||y||^ (according to 
Proposition 13. II) . The Pfaff form u is obtained using the symplectic form (ey ) 
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and the semi-spray S on IR^^ having the form — > {t,x'^,y\ S'* = 
-y'^SkjS^'), where {e'^) = (e.y)~^ 

The second order Lagrangian, afBne in accelerations given by L^^^ — Sijy^ 
k\\y\\^ , where ||y||^ = ^Sijy'^y^ . This Lagrangian corresponds to some equivalent 
Pfaff forms uj — Sijy^dy^ + kSijy^dx^ and w' = Sijy^dy^ + ^ llyll^ (according to 
Proposition 13. II) . The Pfaff form w is obtained using the symplectic form (eij) 

and the semi-spray S on IR^^ having the form (i, a;*,y*) A- {t,x^,y^, = 
-ky'^dkjS^'), where (e*-?') = (e^jO^^ 

6.1 Pfaff forms and first order semi-sprays 

We show below that for some special cases, the solutions of the generalized 
Euler-Lagrange equation of a Pfaff form can be given by the integral curves of 
local first order semi-sprays. 

Example 3. Let us consider coordinates (x, y) on and {x, y, X, Y) on 
JR4 ^ y^2_ Lgi- ^ ^ {X+Y)dX+YdY. As in Example 1, the equations ^ have 
the solutions x"'{t) — y"'{t) = 0. Using the notations x — x"^ , y = x"^ , X — y"^ ^ 

r = 2/2 then w = {y^+y'^)dy^+y'^dy'^ = uiidy^ +ui2dy'^ , (h^j) = q ) ^^'^ 

{h^-') ~ ^ X 0^ ) ' "^^^ integral solutions of the vector field X are ^ = y', 

^ S' = h'lpj, ^ = $i = 0. It follows that pi{t) = p°, thus ^ = y\ 
^ = Ci, where ci = — and C2 — P2- Finally we obtain all the solutions 
— 0. In conclusion, considering arbitrary semi-sprays on , with constant 
coefficients, then we obtain all the solutions of (|H]) as integral solutions of these 
first order semi-sprays. 

The above example can be extended as follows. 

Proposition 6.3 Let us suppose that there are some coordinates such that the 
local coefficients of a regular Pfaff form u depend only on (y'). Then there is 
a family of local semi-sprays of first order whose local coefficients depend only 
on (y*), such that their integral curves project on all the integral curves of the 
generalized Euler-Lagrange equation of lo. 

Proof. The integral solutions of the vector field X are ^ = y', ^ — S'^ = 

(Pj - ^ - ^y^)' ^ = ^' = -W^^- Using the second equation in the 

expression of the third, it follows that ^ = — (y*^ ) ^ , thus pi +Ldi = Ci along 
every solution. It follows that if considering local semi-sprays having as local 

component functions 5*(y'') = h^^ {y'') (^Cj - ujjiy'^) - ^{v^) - ^{y^)y^^ i we 
obtain all the integral curves of the generalized Euler-Lagrange equation of uj. 
□ 

Since the Pfaff form w' = w + dF has the same extrema curves as w, the 
extrema curves of the Pfaff forms lu' = (u}Q{y^) -\- ^) dt -\- (u!i{y^) -\- ^) da;* -I- 
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\^uJi{y^) + dy^ andw — u!o{y^)dt+LUi{y^)dx^ +uji{y^)dy^ (used in Proposition 

above) are the same. In order to detect when one can apply the Proposition 
above, we prove the following result. 

Proposition 6.4 Let us consider a P faff form fj., a point xq ^ M and a local 
system of coordinates {U,ip), where Xq G U. Then the following statements are 
equivalent: 

1. There is a local Pfaff form uj ^ dF on a TU' , xq (z U' d U , such that 
the local components of uj does depend only on (y*). 

2. The local components of dfj, depend only on (y') and the components of 
{dx* A dt, dx' A dx^} vanish. 

Proof. If the property 1. holds for /i, then d/i = dio, thus 2. follows. 
Conversely, let us suppose that 2. holds, thus dfi = ai{y'')dy^ Adt+ bij{y'^)dx^ A 
dy^+ icy {y'')dy' A dy^ . Then we have ^ dd^ = ^dy'^ A df A di+ ^dy'' A 
dx^ A dy^+ \^dy^ A dy' A dy^ . Thus using the Poincare Lemma, it follows 
that Ui = §1, hj = and c,, = - on iR", where /, 5,, : ^ R 
are functions that depend only on (y*). Let us consider the form uj = fdt + 
gidx^ + hidy^ on TU — U x JR™. Then dfi = du, or d{fi — uj) — 0, thus for a 
sufficiently small U' C U, xq G U', one have /i — cj = dF on TU'. □ 

Example 4. Consider the Pfaff form uj — —ydx + xdy + YdX — XdY 
on used in Example 2., with coordinates {x,y) on and (x,y, X,Y) on 
IR^ = TM^. We use below also the notations x = x^, y = x^, X = y^, Y — y^, 
then UJ = —x'^dx^ + x^dx^ + y^dy^ — y^dy^ = ujidx^ + uj2dx'^ + uJidy^ + cj2(iy^. 



the vector field X are ^ = y\ '-^ = = h^^p,, 'if ^ ^ ~ ■ 
Specifically, ^ = 2y2 = and ^ = -2y^ = -2^. Thus pi = 2x^ + 2ci 



and p2 = —2x^ + 2ci- Considering the local first order semi-sprays 6*^(2;*, y*) = 
x^ + ci and 5^(2;*, y*) = ~x^ + C2, we obtain the system ^ = y*, ^ = 5*.. 
Taking into account the Example 2., the integral curves of all semi-sprays S 
having this form give all the solutions of the generalized Euler-Lagrange equation 



The above example can be extended as follows. 

Proposition 6.5 Let us suppose that there are some coordinates such that the 
local form of a regular Pfaff form w is uj = uJo{y^) + uji{x^)dx^ + uJi{y^)dy^ and 
+ §^ = 0. Then there is a family of local semi-sprays of first order, such 
that their integral curves project on all the integral curves of the generalized 
Euler-Lagrange equation of uj . 

Proof. The integral solutions of the vector field X are = y^ ^ = 



= h^' {pj -^).^^^^^{^-B)y'- -^tfy'- Using LemmaO 




The integral solutions of 



§1 of w. 
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below, {uji} have the form cui = CijX^ + di, thus pi = —2cijX^ + e^-, where Cij = 
—Cji, di and Ci are constants. It follows that considering local semi-sprays having 

as local component functions S^{y'') = h'-^{y'') (^-2cijX^ + Cj - %^{y^)^, for 

all constants {ej}, we obtain all the integral curves of the generalized Euler- 
Lagrange equation of w. □ 

Lemma 6.1 Given the set {^i{x^)}i=Ym '^^'^^ functions on M^, then the 
following conditions are equivalent: 

2. there are constants {cij,di}^j^j^, Cij = —cji such that oji = CijX^ + di; 

3. there is a set {'^i}i^Ym '^eaZ functions on JR™ such that |^ — = ^ . 
Proof. Obviously 2. implies 1. and 3. Let us suppose that 1. holds. We have 

- 0x3 ^Ox^ ~ ^9^' "5^^ ~ ^dxodx'' ~ 0x3 5 ^'■'■^'^ 0x3 0x1' Ox^Ox'' ~ 

af^Hr - o%o^3 ' Sives = 0, thus 2. holds. Let us suppose that 3. 

holds. We have - ^ = ^ - fe, thus 3. holds as previously. 

□ 

The Pfaff form uj' = uj + dF has the same extrema curves as uj. Thus the ex- 
trema curves of the Pfaff forms w' = ^dt+{ui{x^) + 0) dx'+(iJi{y^) + dy' 
and UJ from Proposition above are the same. In particular, one can relax the 
hypothesis of Proposition above, asking the existence of a local function F{x^) 

such that §^ + ^ = -'^ 0x^0x3 ' precisely, + ^ = Cijx^ + di, where 
Cij = —Cij and di are constants. In order to apply the result from Proposition 
above, we prove the following result. 

Proposition 6.6 Let us consider a Pfaff form ji, a point Xq € M and a local 
system of coordinates (U,(p), where xq G U. Then the following statements are 
equivalent: 

1. There is a local Pfaff form uj = ji— dF on a TU' , xq G U' C U, such that 
UJ = uji{xi)dx' + uji{yi)dt and§^ + ^=0. 

2. The local components of d/i have the properties that the components of 
{dx^ A dt, dy^ A dt, dx^ A dy^} vanish, the components of {dy^ A dy^} 
depend only on (y*) and the components ^Xij of {dx^ A dx^} are constants. 

Proof. If the property 1. holds for /x, then dji = dui, thus 2. follows. 
Conversely, let us suppose that 2. holds, thus rf/x = ^iJ,ijdx'^Adx^+ \vij{y'^)dy'^ A 
dy^ , with Hij = —fiji constants. Using dd/j, = and the Poincare Lemma, it 
follows that = ^iv'") - ^iv'") > where gi : FT ^ R. Let us denote 
fi{x'') = jiijX^ and consider the local differential form uj = fi{x^)dx^ +gi{y'')dy^ 
on TU = U X Ft"^. Then dfj, = doj, or d{n — u))=0, thus for a sufficiently small 
U' cU,xoe U', one have /x - w = on TU'. □ 
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The Pfaff forms uj = uji{x^)dx^ + u)i{y^)dy^ and uj' — y^uJi{x^)dt + iJi{y^)dy^ 
are equivalent. If uJi{x^) — CijX^ , then duj' — CijX^dy^ A dt+ Cijy'^dx^ A dt+ 
^^{■y^)dy^ A dy^ . Then the fohowing result follows in the same line as the 
previous ones. 

Proposition 6.7 Let us consider a Pfaff form fi, a point xq G M and a local 
system of coordinates {U,ip), where xq G U. Then the following statements are 
equivalent: 

1. There is a local Pfaff form uj — fi ~ dF on a TU' , xq G f/' C U , such that 
UJ = LJ,{x3)y'dt + Q^{y^)dy' and + |^ = 0. 

2. The local components of d^ have the properties that the components of 
{dx^ A dx-' , dx^ A dy-'} vanish, the components of {dy^ A dy^} depend only 
on (y*) and the components fi of {dx^ A dt} and gj of {dy^ A dt}have the 
property that ^ — — Cij are constants. 

7 Appendix 

As a manifold, T^M C TTM is the submanifold of the vectors that project 
according to the double vector bundle structure tt^^^ : TTM — > TM, as tangent 
bundle of TM and ttI^^ : TTM TM, as the differential of the canonical 
projection tt^^^ : TM M). 

A slashed (first order) Lagrangian on M is a differentiable map L : TM,, — )■ 
M, where TM* = TM\{0} and {0} is the image of the nuh section M TM. 
Analogously, a slashed second order Lagrangian on M is a differentiable map 
L(2) : T^M* ^ R, where T^M* = T'^M\{Q} and {0} is the image of the „nuH" 
section M T^M given by (x*) -)■ {x\ y^ =0, 2* = 0). 

Coordinates (a;*) onM, {x\y') on TM, {x\y\X\Y') onTM and {x\y\z'') 

on T^M change according to the rules x'' — x''(a;*), j/*' — ^ry\ X^' = ^^X\ 

Y'' - y'Sr^X' + = Wy'£^ + (see, for example, [H]). 

It follows that some local coordinates {x'^,pi) on T*M and [x^ ,y^ ,pi,Pi) on 

T*TM change according to the rules: and as above, pi ~ Pi'^^ ^^'^ 

On T'^M it can be also considered the coordinates (a;% i% i*), that are more 
suitable for expressing the derivatives of the functions. The connections between 
the coordinates (x*,i*,x*) and (a;%y*,z') are = x"^ , x^ = y^, but x^ = 2z\ 

There are affine bundles structures T^M TM and T^M T'^M; in 
general T^M — ?> T'^~^M, k > 2. A (time independent) semi-spray of order k is 
a section S : T^M -> T^+'^M. Considering the product bundle R x T^+'^M 
Ft X T^M , k > I, then a (time dependent) semi-spray of order fc is a section 
S : Mx T^M Rx T^+^M, such that S{t,x) = {t,x,{k + l)S'*(t,x)); this 
semi-spray of order k is considered in the paper. 

The integral curves of a /c-order semi-spray S are exactly the integral curves 
of S regarded as a vector field on T'^M. Using coordinates {x^ ,y'^^^^, . . . , yC^)*) 
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on T^M, the local form of a fc-ordcr semi-spray is S' = y*^^^* ^ + 2y(^)' d^^W + 
• • • + ky^'"''" Q^S^ " + '^)S\x\y^^^\ y^*^)'). We say that S' are the local 
functions that give S. 

A Pfaff form u> e x TM) has the local form w = uj(,{t,x\y^)dt + 

u}i{t,x^,y^)dx^ +LJi{t,x^,y^)dy\ Then ujq : IR x TM E gives a (global de- 
fined) real function. The local functions and change according to the rules 

u)i = ^^oJi> and Wj = ^rw,' + ^^ojii. We can consider the top components 
(wj) defining a section Co : IR x TM — > ■k*T*M, Oj — LUi{t,x^ ,y^)dx\ of the in- 
duced vector bundle tti = tt* (tt') : ■n*T*M JRx TM, where tt : JR x TM ^ M 
comes from the tangent bundle TM — >■ M and tt' : T*M ^ M is the cotangent 
bundle of M. We say that w is a top Pfaff form (on M). We can consider a 
top differential dtop of the skew symmetric forms generated by the differential 
algebra generated by top Pfaff forms and the commutative algebra J^{M x TM), 
by relations dtopif) = and dtop{dx^) = on the local generators. Then 

if w = LOidx^ is a top Pfaff form, then dtop{u)) = — dx'^ A dx^ . A local 

Poincarc Lemma holds for diop] if dtop{Co) = 0, then there is a local Lagrangian 
L : M X TU — >■ ]R such that uj = dtopL. Using a partition of unity on M, 
subordinated of a local finite open cover {Un}ne]N with open domains of local 
charts, one can construct a global Lagrangian L : M x TM — ^ M such that 
^ = dtopL. 

We say that a Lagrangian L : Mx TM Mis pointed if L{t, x\y^ = 0) = 0. 

Proposition 7.1 A Lagrangian L : Mx TM M is a pointed one iff there is 
to top Pfaff form v = fj(f, a;%t/*)da;% such that L{t,x^,y'^) = y^Vi- 

Proof. We proof the necessity; the sufficiency is obvious. Indeed, if L 

is pointed, then L{t,x^,y^) = y^ -^{t, x^ ,Ty^)dT = y^Vi- It can be easily 
checked that p = Vidx^ is a global top Pfaff form. □ 

An other example of a top Pffaf form: if L^^^ : T^M M is a second 

- fir 

order Lagrangian, affine in accelerations, then w = dx^ is a top Pfaff form. 
Notice that a top Pfaff form ui = LJi{t,x^ ,y^)dx^ is a degenerated Pfaff form. 
Since Co = u)idt + Qi{dx'^ — y^dt), it follows that Co is equivalent to the first order 
(pointed) Lagrangian Lq = Wiy*. Conversely, it is easy to see that a pointed 
Lagrangian Lo = uji{t,x^ ,y^)y^ is equivalent to the top Pfaff form Co = Coidx^ . 

An analogous object considered in the paper is a pure Pfaff form that can 
be considered as a section lo' : R x TM 'KqT*TM, to' = Co,{t,x^ ,y^)dy'^ + 
uji{t,x^ ,y^)dx^, of the induced vector bundle 712 = '^oi'^") ■ 'n'oT*TM M x 
TM, where tt" : T*TM TM is the cotangent bundle of TM and ttq : JR x 
TM -J> TM is the trivial projection. 

Let tte '■ E ^ M and irp ■ F ^ M be fibercd manifolds. The fibered 
manifold product P = ExmF is P= U Px C E x F, where Px = Ue, f) € 

E X F : 7r£;(e) = irpif)} is a new fibered manifold np : P ^ M over M, 
but also over E and F. The tangent space of P is locally the sum of two 
subspaces, each tangent to two foliations. Using coordinates, we explicit in 
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two cases, useful in the paper. First is when E = TM and F — T*M are the 
tangent and the cotangent space of M respectively. In this case, considering (a;*), 
(x*,y*), {x^,pi), {x^,y^,pi) and {x^ ,pi, ,Yi, Pi) local coordinates on Af, 
TM, T*M, TM X T*M and T{TM x T*M) respectively, then these coordinates 

change according to the rules = x^ (a;*), y' = ^^y\ Pi = %TPi' , = 

%rX\ Y'' = ^X' + and = ^p,, + ^P,, respectively. A 

second case is when E ^ F = T*M and T*M Xm T*M = T^M. In this 
case, considering (x*,p(o)i,P(i)i, y\ P(o)i, P(i)i) local coordinates on TT2M, then 

pm = %^Pm', P{o)r = %rP(oy. / = PiQ)^ = ^Pm' + %rP(o)e. 
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